Abstract. For integers b and c the generalized trinomial coefficient T n (b, c) denotes the coefficient of x n in the expansion of (x 2 + bx + c) n . Those T n = T n (1, 1) (n = 0, 1, 2, . . . ) are the usual central trinomial coefficients, and T n (3, 2) coincides with the Delannoy number D n =
Actually we have more general such congruences involving generalized central trinomial coefficients. We also raise several conjectures some of which involve parameters in the representations of primes by certain binary quadratic forms.
Introduction
For n ∈ N = {0, 1, 2, . . . }, the nth central trinomial coefficient
n is the coefficient of x n in the expansion of (1 + x + x 2 ) n . Since T n is the constant term of (1 + x + x −1 ) n , by the multi-nomial theorem we see that
Central trinomial coefficients arise naturally in enumerative combinatorics (cf. [Sl] ), e.g., T n is the number of lattice paths with from the point (0, 0) to (n, 0) with only allowed steps (1, 1), (1, −1) and (1, 0). Given b, c ∈ Z, as in [Su2] we define the generalized central trinomial coefficients
Clearly T n (2, 1) = 2n n and T n (1, 1) = T n . In this paper we investigate congruences involving generalized central trinomial coefficients. As usual, for an odd prime p, we let ( Also, for a prime p > 3, (1.2) with b = 1 and c = ±1 yields
k mod p 2 given by H. Q. Cao and H. Pan [CP] .
Our second theorem is about squares of generalized central trinomial coefficients. Theorem 1.2. Let b, c ∈ Z and let p be an odd prime.
(
(1.5) Remark 1.1. The author [Su2] conjectured that for any b, c ∈ Z and n ∈ Z + = {1, 2, 3, . . . } we have
Here we propose the following conjecture related to Theorem 1.2(ii).
Conjecture 1.1. Let b and c be integers. For any n ∈ Z + we have
Example 1.2. Let p > 3 be a prime. Applying Theorem 1.2 with b = c = 1 we get that
(mod p) and (8k + 5)T 2 k ∈ Z for all n = 1, 2, 3, . . .
The central Delannoy numbers (see [CHV] ) are defined by
Such numbers also arise in many enumeration problems in combinatorics (cf. Sloane [Sl] ); for example, D n is the number of lattice paths from the point (0, 0) to (n, n) with steps (1, 0), (0, 1) and (1, 1). For n ∈ N we define the polynomial
Note that D n ((x − 1)/2) coincides with the well-known Legendre polyno-
which implies the recursion
(See also T. D. Noe [N] .) It is also known that
It follows that
in particular, D n = T n (3, 2). Therefore Theorem 1.2 has the following consequence.
Corollary 1.1. Let p be an odd prime. For any integer x we have
In particular,
We now give our third conjecture.
Conjecture 1.2. Let p > 3 be a prime. Then
Our third theorem confirms a conjecture of the author [Su3] .
Theorem 1.3. For any prime p > 3 we have
where q p (2) denotes the Fermat quotient (2
Similar to the definition of T n , those numbers
are called Motzkin numbers. In combinatorics, M n equals the number of paths from (0, 0) to (n, 0) in an n × n grid using only steps (1, 1), (1, 0) and (1, −1) (cf. Sloane [Sl] ). In general, for b, c ∈ Z and n ∈ N we define
The Zeilberger algorithm yields the recursion
Now we state our fourth theorem.
Theorem 1.4. Let b and c be integers and let p be an odd prime not dividing c.
(1.14)
Remark 1.2. In [Su2] the author conjectured that for any prime p > 3 we have
Now we raise a conjecture related to Theorem 1.4. Conjecture 1.3. Let b and c be integers. For any n ∈ Z + we have
If p is an odd prime not dividing c(b
By Conjecture 1.3, for any prime p > 3 we should have
This can be further strengthened.
Conjecture 1.4. Let p > 3 be a prime. Then
In view of Theorem 1.2(ii), for b, c ∈ Z and a prime p ∤ b − 2c, it is natural to investigate whether the sum
3k mod p has a pattern. This leads us to raise the following conjecture. Conjecture 1.5. Let p > 3 be a prime. Then
And
When (
for every positive integer n.
Remark 1.3. Let p > 3 be a prime. If p ≡ 1, 7 (mod 24) then p = x 2 + 6y 2 for some x, y ∈ Z; if p ≡ 5, 11 (mod 24) then p = 2x 2 + 3y 2 for some x, y ∈ Z. (See, e.g., [C] .) Conjecture 1.6. Let p > 3 be a prime. Then
Also,
For each n = 1, 2, 3, . . . we have
We will show Theorems 1.1 and 1.2 in the next section and prove Theorems 1.3 and 1.4 in Section 3. In Section 4 we raise more conjectures related to the polynomials D n (x) and Apéry polynomials.
2. Proofs of Theorems 1.1 and 1.2 Lemma 2.1. Let b and c be integers. Then, for all n = 1, 2, 3, . . . we have
Proof. In the case n = 1 both sides of (2.1) coincide with 2c. Denote by f (n) the right-hand side of (2.1). Clearly it suffices to show that for any positive integer n we have
Observe that
with the help of the recursion for T n (b, c 2 ). The above proof of (2.1) is simple. However, the reader might wonder how (2.1) was found.
and hence
Therefore (2.1) follows.
Lemma 2.2. Let b and c be integers. For any odd prime p, we have
with the help of Fermat's little theorem. If 1 < k < p, then
When p ∤ b, we have
This concludes the proof.
Proof of Theorem 1.1.
(1.1) holds trivially when c = 0. Now assume that c = 0. By Lemma 2.1 we have
Combining this with (2.4) we get (1.1).
(ii) In view of Lemmas 2.1-2.2 and Fermat's little theorem, we have
This proves (1.2).
Lemma 2.3. Let b, c ∈ Z and d = b 2 − 4c. Let p be any odd prime and let n ∈ {0, . . . , p − 1}. If p ∤ d or p/2 < n < p, then
Note that for n = (p + 1)/2, . . . , p − 1 we have
Remark 2.1. Lemma 2.3 in the case p ∤ d is essentially known (see, e.g., [N, (14) ]), but our proof is simple and direct. By Lemma 2.3, for any prime p > 3 we have
Let A and B be integers. The Lucas sequence u n = u n (A, B) (n = 0, 1, 2, . . . ) is defined by u 0 = 0, u 1 = 1, and u n+1 = Au n − Bu n−1 (n = 1, 2, 3 . . . ).
Let α and β be the two roots of the equation
Lemma 2.4. Let A and B be integers. For any odd prime p we have
Proof. Though this is a known result, here we provide a simple proof.
(mod p) for n = 1, 2, 3, . . .
and in particular
with α and β the two roots of the equation Su2] ). Let p be an odd prime and let b, c, m ∈ Z with m ≡ 0 (mod p). Then
Proof of Theorem 1.2. (i) By lemma 2.3,
Then u 0 = 0 and u 1 = 1. Since (1 − 2bx + dx 2 ) ∞ n=0 u n x n = x, we have u n − 2bu n−1 + du n−2 = 0 for n = 2, 3, . . . , hence u n = u n (2b, d) for all n ∈ N. Thus, with the help of Lemma 2.4, from the above we obtain
This proves the first part of Theorem 1.2.
(ii) Suppose that b ≡ 2c (mod p) and set
The last step can be easily explained as follows:
Below we assume that p ∤ D. By Lemma 2.3 and Fermat's little theorem,
where
(Note that y corresponds to (b − 2c)x.) Therefore
So we have
with the help of Lemma 2.5.
Combining the above, we finally obtain the desired congruence. We are done.
Proofs of Theorems 1.3 and 1.4
Proof of Theorem 1.3. By [S, Theorem 3 
and in particular
By [Su1, (2.5 )], we have the identity
. So, by the above, we have
The author [Su1] conjectured that
which was later confirmed by S. Mattarei and R. Tauraso [MT] . So we finally get (1.12). This completes the proof.
Proof of Theorem 1.4. (i) By Lemma 2.3,
In light of Lemma 2.2, S 1 ≡ 0 (mod p) and hence (1.13) follows.
(ii) In view of Lemma 2.3 and Fermat's little theorem,
Recall the identity (b 2 + 4c 2 ) 2 − 4(4b 2 c 2 ) = D 2 and observe that
Applying Lemma 2.2 we get
Thus S 2 ≡ 4b/(b + 2c) (mod p) and this concludes the proof of (1.14).
Some conjectures on
Recall that Apéry numbers are given by
They play a central role in Apéry's proof of the irrationality of ζ(3) = ∞ n=1 1/n 3 (see R. Apéry [A] and van der Poorten [P] ). They are also related to modular forms (cf. K. Ono [O] ). We define Apéry polynomial by
Let p be an odd prime and let x be any integer. In [Su2] the author proved that
and conjectured that
Since T n (2x + 1, x(x + 1)) = D n (x), and
. Let p be an odd prime. The author [S] Remark 4.4. In number theory, it is well known that for any odd prime p with ( p 7 ) = 1 there are unique positive integers x and y such that p = x 2 + 7y 2 . The reader may consult [C] or [BEW] for this basic fact. 
